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General relations

Relative derivative d(fαgβ . . . hν)
fαgβ . . . hν = α df

f
+β dg

g
+. . .+ν dh

h

Vector Algebra
a, b, c . . . Vectors, α. . . Scalar

α(a+ b) = αa+αb
a · b = b · a

a · (b+ c) = a · b+ a · c
α(a · b) = (αa) · b = a · (αb) = (a · b)α

a× b = −b× a
a× a = 0

α(a× b) = (αa)× b = a× (αb) = (a× b)α
a× (b+ c) = a× b+ a× c
a · (b× c) = c · (a× b) = b · (c× a)

a× (b× c) = b(a · c) − c(a · b)
(mnemonic : abc = bac− cab)

(a× b) · (c× d) = (a · c)(b · d) − (a · d)(b · c)
(a× b)2 = a2b2 − (a · b)2

Vector Analysis
A,B,C,P, v . . . (3-dim.) vector �elds,Φ,Ψ,χ,ψ . . . scalar �elds

Di�erential Operations

∇(Φ+Ψ) = ∇Φ+∇Ψ
∇(ΦΨ) = Ψ∇Φ+Φ∇Ψ

∇ · (A+ B) = ∇ ·A+∇ · B
∇ · (AB) = (∇A) · B+ (∇B) ·A
∇ · (ΦA) = (∇Φ) ·A+Φ(∇ ·A)

∇× (A+ B) = ∇× A+∇× B
∇× (ΦA) = ∇Φ× A+Φ(∇× A)

∇ · (A× B) = B · (∇× A) −A · (∇× B)
∇× (A× B) = (B · ∇)A− B(∇ ·A) −

− (A · ∇)B+A(∇ · B)
∇(A · B) = (∇A) · B+ (A∇) · B = (B · ∇)A+ (A · ∇)B+

+ B× (∇× A) +A× (∇× B)
∇× (∇× A) = ∇(∇ ·A) −∇2A

Weber transformation . . . v · ∇v =
1
2∇v2 + (∇× v)× v

=
1
2∇v2 +~ζ× v

∇(A · B) = (∇A) · B+ (A·∇)B
∇× (∇Φ) = 0
∇ · (∇× A) = 0

A× (∇× B) − (A×∇)× B = A∇ · B− (A∇) · B
position vector (cart.) . . . r = x i+ y j+ zk

∇ · r = 3
∇× r = 0

fundamental theoreme rotation free divergence free
of vector analysis (with divergence) (with rotation)

3-dim. A =
︷ ︸︸ ︷
∇ χ︸︷︷︸ +

︷ ︸︸ ︷
∇× P︸︷︷︸

scalar potential vector potential
2-dim. Ah = ∇hχ + k×∇hψ

Integral Theorems

Gauss
˚

V

∇ ·A dV =

‹

S

A · n dσ

2D-Gauss
¨
S

∇h ·A dσ =

˛

C

A · dr

Stokes
¨

S

∇× A · ndσ =

˛

C

A · dr

2D-Stokes
¨

S

k · (∇h × Ah)dσ =

˛

C

Ah · dr

or: Green
¨ (

∂Ay

∂x
−
∂Ax

∂y

)
dxdy =

˛

C

(Axdx+Aydy)

Coordinate Systems
Cartesian Coordinates

unity vectors i, j, k : i · i = 1 etc..., i× i = 0 etc...,
i× j = k j× k = i k× i = j

arbitr. vector A = Axi+Ayj+Azk

∇f = i
∂f

∂x
+ j
∂f

∂y
+ k

∂f

∂z

∇ ·A =
∂Ax

∂x
+
∂Ay

∂y
+
∂Az

∂z

∇× A = i
(
∂Az

∂y
−
∂Ay

∂z

)
+ j

(
∂Ax

∂z
−
∂Az

∂x

)
+ k

(
∂Ay

∂x
−
∂Ax

∂y

)
∇2f =

∂2f

∂x2
+
∂2f

∂y2 +
∂2f

∂z2

Cylindrical Coordinates
radius r > 0, azimuth 0 6 λ < 2π, height z:

x = ρ cosλ, y = ρ sinλ, z = z

∇f = er
∂f

∂r
+

eλ
r

∂f

∂λ
+ ez

∂f

∂z

∇ ·A =
1
r

∂(rAr)

∂r
+

1
r

∂Aλ

∂λ
+
∂Az

∂z

∇× A = er
(
1
r

∂Az

∂r
−
∂Aλ

∂z

)
+

+ eλ
(
∂Ar

∂z
−
∂Az

∂r

)
+

+ ez
(
1
r

∂(rAλ)

∂r
−

1
r

∂Ar

∂λ

)
∇2f =

1
r

∂

∂r

(
r
∂f

∂r

)
+

1
r2
∂2f

∂λ2
+
∂2f

∂z2

Spherical coordinates
radius r > 0, longitude 0 6 λ < 2π, latitudeϕ:

x = ρ cosϕ cosλ, y = ρ cosϕ sinλ, z = r sinϕ

∇f =
eλ

r cosϕ
∂f

∂λ
+

eϕ
r

∂f

∂ϕ
+ er

∂f

∂r

∇ ·A =
1

r cosϕ
∂Aλ

∂λ
+

1
r cosϕ

∂(cosϕAϕ)

∂ϕ
+

1
r2
∂(Arr

2)

∂r

∇× A =
1

r2 cosϕ

∣∣∣∣∣∣∣∣∣
eλr cosϕ eϕr er

∂/∂λ ∂/∂ϕ ∂/∂r

Aλr cosϕ Aϕr Ar

∣∣∣∣∣∣∣∣∣ =

=
1

r2 cosϕ

{
∂Ar

∂ϕ
−
∂(rAϕ)

∂r

}
r cosϕ eλ +

+
1

r2 cosϕ

{
∂(r cosϕAλ)

∂r
−
∂Ar

∂λ

}
r eφ +

+
1

r2 cosϕ

{
∂(rAϕ)

∂λ
−
∂(r cosϕAλ)

∂ϕ

}
er

∇2f =
1

r2 cosϕ
∂2f

∂λ2
+

1
r2 cosϕ

∂

∂ϕ

(
cosϕ ∂f

∂ϕ

)
+

1
r2
∂

∂r

(
r2
∂f

∂r

)
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